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ON IDENTITIES INVOLVING THE SIXTH ORDER MOCK THETA FUNCTIONS
JEREMY LOVEJOY
Abstract. We present q-series proofs of four identities involving sixth order mock theta functions from
Ramanujan’s lost notebook. We also show how Ramanujan’s identities can be used to give a quick proof
of four sixth order identities of Berndt and Chan.
1. Ramanujan’s sixth order identities
The last four identities on p. 13 of Ramanujan’s lost notebook [9] may be written as
q−1ψ(q2) + ρ(q) = (−q; q2)2∞(−q,−q5, q6; q6)∞, (1.1)
φ(q2) + 2σ(q) = (−q; q2)2∞(−q3,−q3, q6; q6)∞, (1.2)
2φ(q2)− 2µ(−q) = (−q; q2)2∞(−q3,−q3, q6; q6)∞, (1.3)
2q−1ψ(q2) + λ(−q) = (−q; q2)2∞(−q,−q5, q6; q6)∞, (1.4)
where the “sixth order” mock theta functions φ, ψ, ρ, σ, λ, and µ are defined by
φ(q) :=
∑
n≥0
(−1)nqn2(q; q2)n
(−q)2n
,
ψ(q) :=
∑
n≥0
(−1)nq(n+1)2(q; q2)n
(−q)2n+1
,
ρ(q) :=
∑
n≥0
qn(n+1)/2(−q)n
(q; q2)n+1
,
σ(q) :=
∑
n≥0
q(n+1)(n+2)/2(−q)n
(q; q2)n+1
,
λ(q) :=
∑
n≥0
(−q)n(q; q2)n
(−q)n
,
µ(q) :=
∑
n≥0
(−1)n(q; q2)n
(−q)n
.
Here we use the usual q-series notation
(a1, a2, . . . , ak; q)n :=
n−1∏
j=0
(1− a1qj)(1 − a2qj) · · · (1− akqj),
following the custom of dropping the “; q” unless the base is something other than q. The convergence of
µ(q) (as well as (1.7) below) is in the “Cesa`ro sense”, which in this case means that the sum is obtained
by averaging the limits of the even partial sums and the odd partial sums.
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The identities (1.1) - (1.4) were proven by Andrews and Hickerson [3] by combining the Bailey pair
method and the constant term method. The first point of this note is that these identities follow imme-
diately upon combining the q-series transformations
(−aq)∞
(−q)∞
∑
n≥0
(x; q2)n(aq)n(−q/x)n
(q2; q2)n
=
(−a2q/x; q2)∞
(−q/x; q2)∞
∑
n≥0
(a2q2; q2)2n(−1)nq2n
2
(q4; q4)n(−a2q/x; q2)2n+1
− a(−a
2q2/x; q2)∞
(−q2/x; q2)∞
∑
n≥1
(a2q2; q2)n−1(−q)n(n+1)/2
(−q;−q)n−1(−a2q2/x; q2)n
(1.5)
and
(−aq)∞
(−q)∞
∑
n≥0
(x; q2)n(aq)n(−q2/x)n
(q2; q2)n
=
(−a2q2/x; q2)∞
(−q2/x; q2)∞
∑
n≥0
(a2q2; q2)n(−q)n(n+1)/2
(−q;−q)n(−a2q2/x; q2)n+1
+
a(−a2q3/x; q2)∞
(−q3/x; q2)∞
∑
n≥0
(a2q2; q2)2n(−1)nq2n2+4n+1
(q4; q4)n(−a2q3/x; q2)2n+1
(1.6)
with the Rogers-Ramanujan type identities
2
∑
n≥0
(q; q2)n(−1)n
(q)n
=
(q; q2)∞(−q,−q2, q3; q3)∞
(q2; q2)∞
(1.7)
and ∑
n≥0
(q; q2)n(−q)n
(q)n
=
(q; q2)∞(−q3,−q3, q3; q3)∞
(q2; q2)∞
. (1.8)
Indeed, taking x = q and a = ±1 in (1.5) and (1.6) and appealing to (1.7) and (1.8) we obtain
µ(q) =
1
2
φ(q2)− σ(−q),
(q; q2)3∞(−q,−q2, q3; q3)∞ = φ(q2) + 2σ(−q),
λ(q) = ρ(−q) + q−1ψ(q2),
(q; q2)3∞(−q3,−q3, q3; q3)∞ = ρ(−q)− q−1ψ(q2),
and this easily yields (1.1) - (1.4).
The identities (1.7) and (1.8) come from letting (a, b, c, d, e)→ (1,∞,∞,−√q,√q) and (q,∞,∞,−√q,√q)
in a limiting case of the Watson-Whipple transformation [6, p. 62, Ex. 2.22],
∑
n≥0
(1 − aq2n)(a, b, c, d, e)n(−1)nqn(n−1)/2(aq)2n
(1 − a)(q, aq/b, aq/c, aq/d, aq/e)n(bcde)n
=
(aq, aq/de)∞
(aq/d, aq/e)∞
∑
n≥0
(aq/bc, d, e)n(aq/de)
n
(q, aq/b, aq/c)n
,
and then applying the triple product identity [6, p. 357, Eq. (II.28)],∑
n∈Z
znqn
2
= (−zq,−q/z, q2; q2)∞.
As for (1.5) and (1.6), when x→∞ these are two entries from Ramanujan’s lost notebook, proven by
Andrews and Berndt [2, Entries (1.4.6) and (1.4.7)]. Their proof generalizes in a straightforward way to
give (1.5) and (1.6) as follows.
Proof of (1.5) and (1.6). Two “Heine-type” transformations [1, Theorem A3 and Theorem A1] (or see
[2, Theorem 1.21 and Theorem 1.22]) are required,
∑
n≥0
(a; q2)n(b)2nt
n
(q2; q2)n(c)2n
=
(b)∞(at; q
2)∞
(c)∞(t; q2)∞
∑
n≥0
(c/b)n(t; q
2)nb
n
(q)n(at; q2)n
(1.9)
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and ∑
n≥0
(a; q2)n(b)nt
n
(q2; q2)n(c)n
=
(b)∞(at; q
2)∞
(c)∞(t; q2)∞
∑
n≥0
(c/b)2n(t; q
2)nb
2n
(q)2n(at; q2)n
+
(b)∞(atq; q
2)∞
(c)∞(tq; q2)∞
∑
n≥0
(c/b)2n+1(tq; q
2)nb
2n+1
(q)2n+1(atq; q2)n
.
(1.10)
We begin with (1.5). First, setting (q, a, b, c) = (q2, q2/t, a2q2,−a2q3/x) and then letting t → 0 in
(1.9) we obtain
∑
n≥0
(a2q2; q2)2n(−1)nq2n2
(q4; q4)n(−a2q/x; q2)2n+1
=
(a2q2; q2)∞(q
2; q4)∞
(−a2q/x; q2)∞
∑
n≥0
(−q/x; q2)na2nq2n
(q2; q2)n(q2; q4)n
. (1.11)
Next letting (a, b, c, t)→ (−q2/x, 0,−q2, a2q2) and then setting q = −q in (1.9) gives
∑
n≥0
(−q2/x; q2)na2n+1q2n+1
(q)2n+1(−q2; q2)n
=
−a(−a2q2/x,−q; q2)∞
(a2q2; q2)∞
∑
n≥1
(a2q2; q2)n−1(−q)n(n+1)/2
(−q;−q)n−1(−a2q2/x; q2)n
. (1.12)
Then letting (a, b, c, t)→ (x, aq, 0,−q/x) in (1.10) and multiplying both sides by (−aq)∞/(−q)∞ we have
(−aq)∞
(−q)∞
∑
n≥0
(x; q2)n(aq)n(−q/x)n
(q2; q2)n
=
(a2q2; q2)∞
(−q2,−q/x; q2)∞
∑
n≥0
(−q/x; q2)na2nq2n
(q)2n(−q; q2)n
+
(a2q2; q2)∞
(−q,−q2/x; q2)∞
∑
n≥0
(−q2/x; q2)na2n+1q2n+1
(q)2n+1(−q2; q2)n
.
(1.13)
Finally, applying (1.11) and (1.12) to the first and second terms on the right-hand side of (1.13) gives
(1.5).
The proof of (1.6) is similar so we just sketch it. We let (a, b, c, t)→ (x, aq, 0,−q2/x) in (1.10), multiply
both sides by (−aq)∞/(−q)∞, then transform the first term on the right-hand side using the result of
letting (a, b, c, t)→ (−q2/x, 0,−q, a2q2) and then setting q = −q in (1.9) and transform the second term
on the right hand side using the result of setting (q, b, c, t) = (q2, a2q2,−a2q5/x, q6/a) and letting a→ 0
in (1.9).

2. Berndt and Chan’s sixth order identities
Recently Berndt and Chan [4] defined two more sixth order mock theta functions,
φ−(q) :=
∑
n≥1
(−q)2n−1qn
(q; q2)n
,
ψ−(q) :=
∑
n≥1
(−q)2n−2qn
(q; q2)n
.
Using the same methods as Andrews and Hickerson, they proved the four identities
− 2q−1ψ−(q2) + ρ(q) = (−q2; q2)3∞(q6, q6, q12; q12)∞, (2.1)
−φ−(q2) + σ(q) = q(−q2; q2)2∞(−q6,−q6, q6; q6)∞, (2.2)
4φ−(q
2) + 2µ(q) = (−q; q2)2∞(−q3,−q3, q6; q6)∞, (2.3)
4q−1ψ−(q
2) + λ(q) = (−q; q2)3∞(q3, q9, q12; q12)∞. (2.4)
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The second point of this note is that the identities of Berndt and Chan follow readily from those of
Ramanujan. Indeed, using equations (1.1) - (1.4) to eliminate ρ, σ, µ, and λ from equations (2.1) - (2.4),
we have the equivalent identities
q−1ψ(q2) + 2q−1ψ−(q
2) = (−q; q2)2∞(−q,−q5, q6; q6)∞ − (−q2; q2)3∞(q6, q6, q12; q12)∞, (2.5)
φ(q2) + 2φ−(q
2) = (−q; q2)2∞(−q3,−q3, q6; q6)∞ − 2q(−q2; q2)2∞(−q6,−q6, q6; q6)∞ (2.6)
2φ(q2) + 4φ−(q
2) = (−q; q2)2∞(−q3,−q3, q6; q6)∞ + (q; q2)2∞(q3, q3, q6; q6)∞, (2.7)
2q−1ψ(q2) + 4q−1ψ−(q
2) = (−q; q2)2∞(−q,−q5, q6; q6)∞ − (q; q2)3∞(−q3,−q9, q12; q12)∞. (2.8)
The modularity of the left hand side in the case of φ+ 2φ− follows from an identity of Ramanujan [2,
Eq. (3.4.2)],
∑
n≥0
(−1)n(q; q2)nqn2
(−q)2n
+ 2
∑
n≥1
(−q)2n−1qn
(q; q2)n
=
1
(q)∞

1 + 6∑
n≥0
(
q6n+2
1− q6n+2 −
q6n+4
1− q6n+4
) ,
combined with an identity of Lorenz [7] (or see [5]),
∑
m,n∈Z
qn
2+mn+m2 = 1 + 6
∑
n≥0
(
q3n+1
1− q3n+1 −
q3n+2
1− q3n+2
)
,
while the modularity of ψ + 2ψ− follows from the case a→ −1 of another identity of Ramanujan [2, Eq.
(3.4.6)],
∑
n≥0
(−aq; q2)nan+1q(n+1)2
(aq)2n+1
−
∑
n≥1
(1/a)2n−1q
n
(−q/a; q2)n
=
q(q2; q2)∞(−a3,−q6/a3, q6; q6)∞
a(aq)∞(q; q2)∞(−a,−q2/a,−q/a, q2; q2)∞
. (2.9)
Now (2.5) - (2.8) follow from standard computational techniques for modular forms. For example, using
(2.9) in (2.5), setting q = −q, and doing a little rearranging we have that (2.5) is equivalent to
−3η4(24z)
η2(12z)
=
η(8z)η3(2z)η(24z)
η(6z)η2(4z)
− η
4(8z)
η2(4z)
,
where η(z) := q1/24(q)∞ and q := e
2piiz. This is an equality between holomorphic modular forms of weight
1 on Γ0(24) (with a certain character), so its truth is established by verifying that the q-expansions of
both sides agree up to q4. (Those unfamiliar with this method might consult [8].)
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